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Calorons in the Weyl gauge
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We demonstrate by explicit construction that while the untwisted Harrington-Shepard caloronAm is mani-
festly periodic in Euclidean time, with a periodb51/T, when transformed to the Weyl (A050) gauge, the
caloron gauge fieldAi is periodic only up to a large gauge transformation, with the winding number equal to
the caloron’s topological charge. This helps clarify the tunneling interpretation of these solutions, and their
relation to Chern-Simons numbers and winding numbers.
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Instantons have many important applications in parti
physics@1–6#. They may be defined as classical solutions
the Euclidean Yang-Mills equations that minimize the Yan
Mills action within a given topological charge sector. E
plicit instanton solutions@7# can be found by solving the
first-order self-duality equation

Fmn5
1

2
emnrsFrs . ~1!

At zero temperature, instantons provide a semiclassical
scription of tunneling between classical minima of the Yan
Mills potential that are connected by large gauge transfor
tions @8,9#. At finite temperature, the simplest instanto
solutions are the untwisted ‘‘calorons’’ of Harrington an
Shepard@10#. These calorons are solutions to the self-dua
equation~1! that are periodic in Euclidean time, with a p
riod b51/T equal to the inverse temperature. At first sight
may seem puzzling that a periodic solution, withAm(xW ,t5
2b/2)5Am(xW ,t51b/2), could describe tunneling from on
sector to another since the gauge fieldAm is the same at
either end. The answer is very simple but illustrative, a
does not appear to have been spelled out in detail befor
the Weyl (A050) gauge, which is most convenient for d
scribing Hamiltonian processes such as tunneling, the c
dinate gauge fieldAi is not periodic; rather,Ai(xW ,t51b/2)
is related toAi(xW ,t52b/2) by a fixed-time large gaug
transformation whose winding number is equal to the inte
topological charge of the caloron solution. Here we prese
simple explicit construction of this gauge transformatio
yielding the Weyl gauge form of the caloron. We conclu
with some comments concerning the distinction between
caloron solutions and the so-called ‘‘periodic instanton
studied in @11–14#. For simplicity, we concentrate in thi
paper on untwisted calorons@10#, which are related to tun
neling between sectors of different Chern-Simons charge
will not address twisted calorons@15–17#, which involve
tunneling between different flux sectors. Twisted caloro
are important for Yang-Mills-Higgs theory with symmetr
breaking, and especially for understanding the monop
content of the theory. The twisted calorons have nontriv
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holonomy, characterized by a nontrivial Polyakov loop
spatial infinity: P exp(*0

bdtA0), and the expectation value o
A0 at infinity plays the role of a Higgs expectation valu
@15–17#. Thus, it is simpler to discuss first the Weyl gau
for untwisted calorons which have a trivial holonomy.

In discussing SU~2! instantons, it is convenient to use
radially symmetric ansatz form@18#. Here, we adopt the con
ventions of@19# for the symmetric ansatz for the SU~2! in-
stanton fieldAm5(sa/2i )Am

a :

Ai
a5

f221

r 2 e iakxk1
f1

r S d ia2
xixa

r 2 D 1A1

xixa

r 2

A0
a5A0

xa

r
~2!

whereA0 , A1 , f1, and f2 are functions ofr 5AxW2 and t
only. The charge 1 instanton for SU~2! can then be expresse
in terms of a single functionr(r ,t), with the ansatz func-
tions in Eq.~2! given by

A05] r ln r

A152]0 ln r

f152r ]0 ln r

f2511r ] r ln r. ~3!

Then the gauge field described by Eqs.~2!,~3! satisfies the
instanton equation~1! if r satisfies the linear equation:hr
50. For the zero temperature, charge 1, instanton in SU~2!,
the functionr(r ,t) can be chosen:

r511
l2

r 21t2
. ~4!

This form corresponds to a single instanton located at
origin in R4, and with scale parameterl. This choice is
known as the ‘‘singular gauge.’’
©2001 The American Physical Society04-1
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To facilitate the transformation of the gauge field in E
~2! into the Weyl (A050) gauge, we use the fact@18# that
the ansatz fieldsA0 , A1 , f1, andf2, which appear in Eqs
~2! and ~3!, transform in an Abelian-like manner under
particular type of SU~2! gauge transformation on the non
Abelian gauge fieldAm5(sa/2i )Am

a . Namely, if the gauge
transformation matrixU has the special form

U~xW ,t !5e2( i /2) f (r ,t) x̂•sW 5cosS f

2D2 i ~ x̂•sW !sinS f

2D ~5!

then the SU~2! gauge transformation,Am→Ãm5U21AmU
1U21]mU, has the following effect on the ansatz functio
A0 , A1 , f1, andf2:

A0→Ã05A01]0f

A1→Ã15A11] r f

f1→f̃15cosf f11sin f f2

f2→f̃252sin f f11cosf f2. ~6!

Thus, to achieve the Weyl gauge,Ã0
a50, we simply need a

gauge transformationU(xW ,t) of the form in Eq.~5! where the
function f (r ,t) satisfies

]0 f 52] r ln r. ~7!

For the zero temperature, charge 1, instanton withr given by
Eq. ~4!, this leads to

f ~r ,t !5S p12 arctan
t

r D2
r

Ar 21l2 S p12 arctan
t

Ar 21l2D
~8!

where we have chosen the constant of integration so
f (r ,t52`)50. The arctan function is understood to ta
values in the@2p/2,p/2# branch. The gauge field,Ãi

a , in
Weyl gauge has the ansatz form~2!, with ansatz functions
f̃1 , f̃2 , Ã1, ~and Ã0[0) given by Eq.~6!.

The tunneling interpretation of the instanton solution b
comes evident by noting thatÃi is pure gauge att56`. At
t52`,

Ãi
a~xW ,t52`!50 ~9!

while at t51`,
08500
.

at

-

Ãi
a~xW ,t51`!5

cosS 2pr

Ar 21l2D 21

r 2
e iakxk

2

sinS 2pr

Ar 21l2D
r S d ia2

xixa

r 2 D
2

2pl2

~r 21l2!3/2

xixa

r 2

5~W21] iW!a ~10!

where the static gauge functionW(xW ) is

W~xW !5e2 i /2f (r ,t51`) x̂•sW 52expF i
pr

Ar 21l2
x̂•sW G . ~11!

Thus, ast goes fromt52` to t51`, the instanton gauge
field Ãi in Weyl gauge interpolates between the pure gau
Ãi50 in Eq. ~9!, and the pure gaugeÃi5W21] iW in Eq.
~10!. These fieldsÃi are neighboring minima~in fact, zeros!
of the classical Yang-Mills potential

V5
1

2E d3x Bi
aBi

a . ~12!

From Eqs.~9! and ~10! we see that these two minima a
related by the large gauge transformationW(xW ) in Eq. ~11!.
Furthermore, the fixed-time gauge transformation in Eq.~11!

is W(xW )5U(xW ,t51`), where U(xW ,t) is the ~time-
dependent! gauge transformation used to transform to t
Weyl gauge. To evaluate the winding number of the fixe
time gauge transformationW, we note that if a gauge trans
formation has the formW(xW )5e2( i /2)g(r ) x̂•sW , then the wind-
ing numberN is determined@21# by the values ofg(r ) at r
50 andr 5`:

N[
1

24p2E d3x e i jk tr~W21] iWW21] jWW21]kW!

52
1

2p
@g~r !2sing~r !# r 50

r 5` . ~13!

Thus, for the gauge transformation in Eq.~11!, we find N
51.

Having reviewed this familiar tunneling interpretation
zero temperature instantons, we now turn to finite tempe
ture instantons, or ‘‘calorons.’’ At finite T, the Euclidea
time direction is compactified onto the finite intervalt
P@2b/2,1b/2#, whereb51/T is the inverse temperature
The manifold is nowR33S1, rather thanR4. Instantons are
solutions to the same self-duality equation~1!, but the gauge
fields, being bosonic, satisfy periodic boundary conditio
@20,3# on the Euclidean time interval@2b/2,1b/2#.
4-2
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The untwisted Harrington-Shepard~HS! caloron solution
is consistent with the ansatz form described in Eqs.~2! and
~3!. The only change is that the functionr(r ,t) becomes@10#

r~r ,t !511
1

2 S 2pl

b D 2S b

2pr D
sinhS 2pr

b D
coshS 2pr

b D2cosS 2pt

b D
[11

1

2

l̄2

r̄

sinhr̄

coshr̄ 2cost̄
~14!

where we have defined the convenient shorthandr̄
52pr /b, etc. Note thatr in Eq. ~14! satisfieshr50. The
caloron solution given by Eqs.~2!, ~3! and~14! corresponds
08500
to an infinite line of zero temperature instantons, each

scalel and each at spatial positionxW50, lined up along the
t axis, with periodb. It is straightforward to check that in th
zero temperature limit (b→`), the expression forr(r ,t) in
Eq. ~14! reduces smoothly to that in Eq.~4!, and we recover
the zero temperature instanton. At finite T, the caloron so
tion ~2!,~3! is manifestly periodic in t, Am(xW ,t1b)
5Am(xW ,t), sincer(r ,t) in Eq. ~14! has periodb.

To explore the tunneling interpretation of this caloron s
lution, we transform it to the Weyl gauge. Once again, t
Weyl gauge can be attained most easily by using the abe
like transformation properties~6! of the ansatz functions in
Eq. ~2!. The required SU~2! transformation matrix has the
form in Eq. ~5!, with f (r ,t) satisfying Eq.~7!, andr is now
given by Eq.~14!. The solution to Eq.~7! in this case is
odic
f ~r ,t !5S p12 arctanFcothS r̄

2
D tanS t̄

2
D G D 1

~ l̄222r̄ 2!sinhr̄ 2l̄2r̄ coshr̄

r̄Asinhr̄ „4l̄2r̄ coshr̄ 1~ l̄414r̄ 2!sinhr̄ …

3S p12 arctanF tanS t̄

2
D l̄2sinhr̄ 12r̄ ~11coshr̄ !

Asinhr̄ „4l̄2r̄ coshr̄ 1~ l̄414r̄ 2!sinhr̄ …
G D ~15!

where the constant of integration has been chosen so thatf (r ,t52b/2)50. Note that this functionf (r ,t), and hence the
gauge transformationU(xW ,t)5exp@2(i/2) f (r ,t) x̂•sW # that transforms the HS caloron to the Weyl gauge, is manifestly peri
in t, with periodb. It is straightforward to check thatf (r ,t) in Eq. ~15! reduces smoothly, asb→`, to the zero temperature
function in Eq.~8!.

Given the functionf (r ,t) in Eq. ~15!, the caloron fieldsÃi
a in the Weyl gauge are obtained simply from Eqs.~2! and ~6!.

To investigate the relation of this caloron solution to quantum tunneling, we evaluateÃi
a at t56b/2. At t52b/2, the ansatz

fields satisfyÃ15f̃150, while f̃25@11r ] r ln r(r,t52b/2)#, wherer(r ,t52b/2)511(l̄2/2r̄ )tanh(r̄/2). Thus,

Ãi
aS xW ,t52

b

2 D52

l2pS tanhS pr

b D2
pr

b
sech2S pr

b D D
br 3S 11

l2p

rb
tanhS pr

b D D e iakxk . ~16!

For low temperatures,

Ãi
aS xW ,t52

b

2 D;2
2

3
l2p4T4e iakxk ~17!

which is nonzero, but which vanishes at zero temperature, as in Eq.~9!. At t51b/2, the expression forÃi
a(xW ,t51b/2) is

more cumbersome to write out, but it is completely specified by the ansatz form~2! with

f̃1S r ,t51
b

2 D5sin f S r ,t51
b

2 Df2S r ,t51
b

2 D
f̃2S r ,t51

b

2 D5cosf S r ,t51
b

2 Df2S r ,t51
b

2 D
Ã1S r ,t51

b

2 D5] r f S r ,t51
b

2 D ~18!

and wheref is given by Eq.~15!, andf2 is as in Eq.~3!.
4-3
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We now ask howÃi
a(xW ,t51b/2) is related toÃi

a(xW ,t52b/2). Since the ansatz functions satisfyÃ1(r ,t52b/2)50, and

f2(r ,t51b/2)5f̃2(r ,t52b/2), this shows thatÃi
a(xW ,t51b/2) andÃi

a(xW ,t52b/2) are related by a gauge transformati

Ãi S xW ,t51
b

2 D5W21Ãi S xW ,t52
b

2 DW1W21] iW ~19!

where the static large gauge transformationW(xW ) is

W~xW !5e2( i /2) f (r ,t51b/2)x̂•sW 52expF ip
~l̄222r̄ 2!sinhr̄ 2l̄2r̄ coshr̄

r̄Asinhr̄ ~4l̄2r̄ coshr̄ 1~ l̄414r̄ 2!sinhr̄ !
~ x̂•sW !G . ~20!
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Using Eq.~13!, the winding number of this gauge transfo
mation is

N52
1

2p F f S r ,t51
b

2 D2sin f S r ,t51
b

2 D G
r 50

r 5`

51

~21!

for all inverse temperaturesb and scalesl.
Notice that Eq.~19! shows that in the Weyl gauge th

gauge fieldsÃi arenotstrictly periodic. Rather,Ãi is periodic
up to a large gauge transformation. This fixed-time gau

transformation isW(xW )5U(xW ,t51b/2), whereU(xW ,t) is
the time-dependent gauge transformation used to trans
to the Weyl gauge. So, just as in theT50 case, the initial

and final gauge fields,Ãi(xW ,t57b/2), are related by a stati
large gauge transformation of unit winding number. But
finite T, these initial and final gauge fieldsÃi(xW ,t57b/2)
are not pure gauge. This means that the tunneling at fini
is not betweenminimaof the classical Yang-Mills potentia
~12!, but between fields of higher potential energy. With t
ansatz~2!, the corresponding magnetic field strength is~and
since the instanton solution is self-dual, this also gives
electric field strength!

FIG. 1. The potential energy~23! as a function oft, at zero
temperature. The dashed line is for instanton scale parametl
51, while the solid line hasl52. Note thatV→0 at t56`, as
the Weyl gauge solutions are pure gauge att56`.
08500
e

rm

t

T

e

Bi
a52

~] rf12A1f2!

r 2 e iakxk1
~] rf21A1f1!

r S d ia2
xixa

r 2 D
1

~12f1
22f2

2!

r 4 xixa . ~22!

It is straightforward to verify thatB̃i
a(xW ,t) is nonvanishing at

t57b/2. The magnetic potential energy~12! can be ex-
pressed in terms of the ansatz functions in Eqs.~2! and ~3!
@sinceV is gauge invariant, it doesn’t matter whether we u
the original gauge or the Weyl gauge#:

V52pE
0

`

drH 2~] rf12A1f2!212~] rf21A1f1!2

1
1

r 2
~12f1

22f2
2!2J . ~23!

At zero temperature,V(t57`)50, since the zero tempera
ture instanton is a pure gauge att57`. But at finite tem-
perature,V(t57b/2) is nonzero, even though it approach
zero asb→`. It is straightforward to evaluate numericallyV
in Eq. ~23! for the zero and finite temperature instanto
discussed above. In Fig. 1 we plot the potential energy a

FIG. 2. The potential energy~23! as a function oft̄ 52pt/b, at

finite temperature. The dashed line is for scale parameterl̄51,

while the solid line is forl̄52. Note thatV does not vanish att̄
56p, as the Weyl gauge solutions are not pure gauge att5
6b/2.
4-4
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CALORONS IN THE WEYL GAUGE PHYSICAL REVIEW D63 085004
function of Euclidean time for the zero temperature instan
for which r(r ,t) is given by Eq.~4!, and in Fig. 2 for the
finite temperature caloron for whichr(r ,t) is given by Eq.
~14!.

We now consider the instanton’s topological charge a
its relation with Chern-Simons numbers and winding nu
bers. Recall that the instanton charge may be expressed

Q52
1

32p2E d4x emnrstr~FmnFrs!

[E d4x ]mKm ,

where

Km52
1

8p2
emnrstrS An]rAs1

2

3
AnArAsD . ~24!

This leads to a natural separation of Q as

Q5E dt
d

dt
CS~ t !1E

0

`

dr
d

dr
K~r !. ~25!

In terms of the ansatz fields in Eq.~2!, the Chern-Simons
term,CS[*d3xK0, is

CS~ t !5
1

2pE0

`

dr@f1f282f2f182A1~12f1
22f2

2!1f18#

~26!

while

K~r !5
1

2pE dt@2f1ḟ21f2ḟ11A0~12f1
22f2

2!2ḟ1#.

~27!

Here f8 and ḟ denote derivative with respect tor and t
respectively. At zero temperature, thet integration in Eq.
~27! is from 2` to 1`, while at finite temperature it is ove
@2b/2,1b/2#. Note that bothCS(t) and K(r ) are gauge
dependent, whileQ itself is gauge invariant. Also note tha
the last terms in each ofCS(t) andK(r ) cancel one anothe
in the decomposition~25!, but are required for the correc

FIG. 3. Plot of the Chern-Simons functionCS(t) in Eq. ~26!, in
the singular gauge at zero temperature, as a function oft. The in-
stanton scale factorl has been scaled to 1.
08500
n

d
-
s

transformation properties of the respective terms. For
ample, under a gauge transformation of the form~5!, the
Chern-Simons term changes as

CS̃5CS1
1

8p2E d3x e i jk] i tr~] jUU21Ak!

1
1

24p2E d3x e i jk tr~U21] iUU21] jUU21]kU !

5CS1
1

2pE0

`

dr
d

dr
@~f221!sin f 1f1~cosf 21!#

2
1

2pE0

`

dr
d

dr
@ f 2sin f #. ~28!

It is a simple but instructive exercise to check that this no
Abelian transformation law agrees with the transformation
Eq. ~26! under the Abelian-like transformations~6! of the
ansatz functions, provided one includes thef18 term inCS(t)
@22#.

For the instanton solutions studied in this paper, one
evaluate numerically the functionsCS(t) and K(r ) in Eqs.
~26! and ~27!, in the original gauge~3!, and in the Weyl
gaugeÃi whereÃ050. At zero temperature, with the scala
function r(r ,t) given by Eq.~4!, the functionsCS(t) and
K(r ) are plotted in Figs. 3 and 4. In this gauge,CS(t5

FIG. 4. Plot of the functionK(r ) in Eq. ~27!, in the singular
gauge at zero temperature, as a function ofr. The instanton scale
factor l has been scaled to 1.

FIG. 5. Plot of the Chern-Simons functionCS(t) in Eq. ~26!, in
the Weyl gauge at zero temperature, as a function oft. The instan-
ton scale factorl has been scaled to 1.
4-5
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GERALD V. DUNNE AND BAYRAM TEKIN PHYSICAL REVIEW D 63 085004
1`)2CS(t52`)50, andK(r 5`)2K(r 50)51. Thus, in
this gauge the entire contribution to the instanton chargQ
comes from theK(r ) term in the decomposition~25!. On the
other hand, in the Weyl gauge, the functionsCS̃(t) andK̃(r )
are plotted in Figs. 5 and 6. In the Weyl gauge, the en
contribution to Q comes from the change in the Cher
Simons number. Also note that in the Weyl gauge the Che
Simons number is an integer att56`; this is because att
56` the Weyl gauge field is pure gauge@see Eqs.~9! and
~10!#, and for a pure gauge field the Chern-Simons term
equal to the winding number of the corresponding gro
element. The time-dependent gauge transformationU

5exp„2( i /2) f (r ,t) x̂•sW ), with f (r ,t) in Eq. ~8!, that trans-
forms from the original singular gauge to the Weyl gau
can be considered to have a t-dependent winding num
N(t) that, from Eqs.~13! and~8!, is a step function in time:

N~ t !5
1

2
„11sgn~ t !…. ~29!

This is consistent with the plots in Figs. 3 and 5, since
middle term in Eq.~28! vanishes in this case. Thus, in th
Weyl gauge, the Chern-Simons number provides a mean
ful label for the distinct classical wells of the Yang-Mill
potential. Att50, the Weyl gauge Chern-Simons number
1
2 , corresponding to the sphaleron at the peak of the ba
between neighboring wells. The winding number of t
gauge transformationU(xW ,t) is also 1

2 when t50.

FIG. 7. Plot of the Chern-Simons functionCS(t) in Eq. ~26!, in
the Harrington-Shepard gauge at finite temperature, as a functio

t̄ 52pt/b. The scale factor has been chosenl̄51.

FIG. 6. Plot of the functionK(r ) in Eq. ~27!, in the Weyl gauge
at zero temperature, as a function ofr. The instanton scale factorl
has been scaled to 1.
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At finite temperature, the situation is similar. The on
change is that the scalar functionr(r ,t) is now given by Eq.
~14!, and the t integration in Eq.~27! is over the finite inter-
val @2b/2,1b/2#. In the Harrington-Shepard gaug
~3!,~14!, the functionsCS(t) andK(r ) are plotted in Figs. 7
and 8.~These plots, and those in Figs. 9 and 10, are for sc
parameterl̄51. For differentl̄, the plots have the sam
form.! Once again, in this gauge, the entire contribution
the instanton charge comes from the change inK(r ). The
corresponding plots for the Weyl gauge are in Figs. 9 and
and we see that the entire contribution toQ comes from the
changeCS(t). From the fact~19! that in the Weyl gauge
Ãi(t51b/2) is related toÃi(t52b/2) by a static gauge
transformation of winding number 1, we know that the d
ferenceCS̃(t51b/2)2CS̃(t52b/2)51. But it is interest-
ing to note further that in the Weyl gauge the Chern-Simo
number is an integer att56b/2, even though the gaug
field is not a pure gauge@see Eqs.~16! and ~19!#. At t50,
the Weyl gauge Chern-Simons number is1

2 , as is the wind-
ing number of the gauge transformationU(xW ,t) that connects
the HS gauge to the Weyl gauge.

In conclusion, we have demonstrated explicitly that wh
the HS caloron solution is manifestly periodic, so th
Am(xW ,t51b/2)5Am(xW ,t52b/2), when transformed to the
Weyl (A050) gauge, the gauge field is periodic up to a lar
gauge transformation, Ãi(xW ,t51b/2)5W21Ãi(xW ,t5

of

FIG. 8. Plot of the functionK(r ) in Eq. ~27!, in the Harrington-

Shepard gauge at finite temperature, as a function ofr̄ 52pr /b.

The scale factor has been chosenl̄51.

FIG. 9. Plot of the Chern-Simons functionCS(t) in Eq. ~26!, in

the Weyl gauge at finite temperature, as a function oft̄ 52pt/b.

The scale factor has been chosenl̄51.
4-6
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CALORONS IN THE WEYL GAUGE PHYSICAL REVIEW D63 085004
2b/2)W1W21] iW, whereW is a fixed-time gauge trans
formation with integer winding number equal to the ca
oron’s topological charge. This gauge transformationW con-
nects different Chern-Simons-number sectors of the class
Yang-Mills potential energy, just as is familiar from ze
temperature. However, the caloron solution in Weyl gau
interpolates, ast goes from2b/2 to 1b/2, not between
classical minima but between classical gauge fields ofnon-
zeropotential energy.

Having understood the tunneling interpretation of the
calorons in the Weyl gauge, we conclude with some b
comments concerning the difference between these calo
and the ‘‘periodic instantons’’ studied in@11–14#. These are
very different objects, but the names can be somewhat c
fusing since calorons are themselves instantons that are
riodic in Euclidean time. This distinction, and some of
physical consequences, have been stated clearly in@11#, but
we reiterate these distinctions here in the light of our W
gauge calorons. The ‘‘periodic instantons’’ are most eas
introduced in the simple context of a quantum mechan
model; for example, a double well potentialV5(q2

21)2/4. This captures most of the essential physics. T
potential model has well-known instanton solutions@23# that
are periodic in Euclidean timet:

q~ t !5A 2n

11n
snS t

A11n
2K ;n D , ~30!

where sn(x;n) is a Jacobi elliptic function@24#, and the
modulus parameter 0<n<1 is related to the energy byE
5(n21)2/(4(n11)2). These solutions are manifestly per
odic: q(t52b/2)5q(t51b/2), where the periodb
54A11n K(n), andK(n) is the elliptic quarter-period@24#.
Physically, these periodic instantons correspond to tunne
from one well to the next, and then back again to the origi
starting position~since they are periodic!. By contrast, the
Weyl gauge calorons describe tunneling from one class
well ~characterized by Chern-Simons number 0! to the next
well ~with CS51!; they do not tunnel back again, since th

FIG. 10. Plot of the functionK(r ) in Eq. ~27!, in the Weyl

gauge at finite temperature, as a function ofr̄ 52pr /b. The scale

factor has been chosenl̄51.
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Weyl gauge fieldÃi(t51b/2) differs fromÃi(t52b/2) by
a large gauge transformation, as we have demonstrated
plicitly in Eqs. ~19!,~20!. This difference between caloron
and periodic instantons also manifests itself through the
that the calorons have nonzero topological charge per pe
~the explicit ones studied here have Q51!, while the ‘‘peri-
odic instantons’’ have zero net topological charge per peri
For low temperatures, the periodic instantons can be appr
mated by an infinite chain of alternating zero temperat
instantons and anti-instantons. Indeed, this is particula
easy to see in the quantum mechanical double-well poten
case~30!, owing to the remarkable elliptic function identity

snS t

A11n
;n D 5

p

2AnK8
(

n52`

`

~21!n

3tanhS p

2A11nK8
S t2n

b

2 D D . ~31!

HereK8(n)[K(12n). This leads to the simple interpreta
tion of the periodic instanton in Eq.~30! as a series of alter
nating instantons and anti-instantons. The zero tempera
limit corresponds ton→1, in which case the periodb
→`, andE→0, and we approach the usual zero tempe
ture kink-like instantons. But, on the full perio
@2b/2,b/2#, the sn function reduces to apair of an anti-kink
and a kink. This explains why the net topological charge
period is zero. It is only on the half-period@0,b/2# that q(t)
approaches the familiar zero temperature instanton:q
5tanh(t/A2). By contrast, the HS caloron is a periodic su
of instantons~and an HS anti-caloron is a periodic sum
anti-instantons!, not a periodic sum of alternating instanton
and anti-instantons. Indeed, in Yang-Mills theory there is
known exact ‘‘periodic instanton’’ that is an exact alterna
ing chain of instantons and anti-instantons, although appr
mate chains of this form have been extensively stud
@11,5#. This difference between calorons and periodic inst
tons can be reconciled because even though the caloron
lutions are manifestly periodic,Am(t1b)5Am(t), since this
is a gauge theory, theAm are not all independent physica
fields; when we transform the caloron to the Weyl gauge
see that the coordinate fieldsÃi are periodic only up to a
large gauge tranformation. We hope that our explicit co
struction of the Weyl gauge caloron fields helps to clar
this important distinction between calorons and ‘‘period
instantons.’’
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